An exact expression for the Reynolds stress is derived using the response function for the velocity fluctuation. The nonlocal eddy viscosity in the expression represents a contribution to the Reynolds stress by the mean velocity gradient at remote points in space and time. A direct numerical simulation of channel flow is conducted to validate the nonlocal expression. The transport equations for the velocity and the response function are numerically solved to evaluate the nonlocal eddy viscosity; it is shown that the nonlocal expression is accurate for both normal and shear stresses. A local expression for the Reynolds stress is also evaluated and reveals that the local approximation is not accurate enough near the wall. Analysis using the nonlocal expression is shown to be useful for obtaining a better understanding of turbulent shear flow.
I. INTRODUCTION
The eddy viscosity and diffusivity approximations are widely used to predict the mean velocity and scalar fields in turbulent flows, respectively. In the eddy viscosity model, the deviatory part of the Reynolds stress at a point is assumed to be proportional to the strain rate of the mean velocity at the same point. This local approximation is not always valid for actual turbulent flows. A local gradient-transport model requires that the characteristic scale of the transport mechanism be small compared to the distance over which the mean gradient of the transported property changes appreciably. 1 In turbulent flows, the length scale of the turbulence is often as large as that of the mean-field variation. One typical example is scalar transport in an atmospheric boundary layer; convective eddies driven by buoyancy are as large as the boundary layer height, so the eddy diffusivity model is not always accurate. Several attempts have been made to develop nonlocal models for scalar transport. Stull 2, 3 proposed the transilient turbulence theory that describes nonlocal transport using a matrix of mixing coefficients. Ebert et al. 4 used tracers in a large eddy simulation ͑LES͒ to obtain the matrix directly. Fiedler 5 also proposed an integral model similar to the transilient theory. Fiedler and Moeng 6 used scalar profiles obtained from the LES to construct the matrix in their integral model. In these models, the time advancement of the mean scalar is modeled unlike the eddy diffusivity model. On the other hand, Berkowicz and Prahm 7 generalized the eddy diffusivity; that is, the scalar flux is expressed as a spatial integral of the scalar gradient. In contrast to the eddy diffusivity, the eddy viscosity was examined by only a few nonlocal models. One of these, by Nakayama and Vengadesan, 8 proposed a nonlocal eddy viscosity model for engineering problems.
In addition to the application of nonlocal models, nonlocal expressions were also theoretically investigated. Using a direct interaction approximation ͑DIA͒, Kraichnan 9 showed that the nonlocal eddy viscosity and diffusivity can be approximated using the averaged response function and the velocity correlation. Moreover, Kraichnan 10 used the detailed Green's function to derive exact nonlocal expressions for the Reynolds stress and scalar flux. Georgopoulos and Seinfeld 11 also derived a similar exact expression for the scalar flux. These expressions, however, also include the Reynolds stress or scalar flux on the right-hand side, so they need to be solved implicitly. Hamba 12 modified the response function to obtain an explicit exact expression for the scalar flux; the response function was calculated in the LES of the atmospheric boundary layer to evaluate the nonlocal eddy diffusivity. Hamba 13 applied this approach to the direct numerical simulation ͑DNS͒ of channel flow to investigate nonlocal scalar transport in more detail. It was shown that the nonlocal contribution is important for scalar transport in turbulent shear flow.
This work extends the nonlocal analysis to the Reynolds stress in order to investigate the nonlocal properties of the momentum transport. An exact explicit expression for the Reynolds stress is derived using the response function for the velocity fluctuation. A DNS of channel flow is conducted as a basic example of turbulent shear flow. The transport equation for the response function is calculated to evaluate the nonlocal eddy viscosity. The nonlocal properties of the Reynolds stress in turbulent channel flow are also examined. This paper is organized as follows. In the following section, an exact nonlocal expression for the Reynolds stress is presented. In Sec. III, the nonlocal expression is validated using a DNS of channel flow. The nonlocal contribution to the Reynolds stress is examined using profiles of the nonlocal eddy viscosity. Concluding remarks are given in Sec. IV.
II. FORMULATION
In order to solve the mean velocity equation, it is necessary to model the Reynolds stress. The Reynolds stress in the nonlinear eddy viscosity model is approximated by
ͪ+¯. ͑1͒
Here, ͗ ͘ denotes ensemble averaging, U i ͑ϵ͗u i ͒͘ is the mean velocity, u i Ј is the velocity fluctuation, and ␦ ij is the Kronecker delta symbol; the summation convention is used for repeated indices. The first term involving T on the righthand side is the eddy viscosity representation, which has been widely used. The second term involving T ͑2͒ is one of the nonlinear eddy viscosity terms introduced to improve the eddy viscosity model. 14, 15 The above expression can be rewritten as
where Tijkm is the anisotropic eddy viscosity tensor that can explicitly depend on the mean velocity gradient. This eddy viscosity model is local in space in the sense that the Reynolds stress at a point is expressed in terms of the physical quantities at the same point. This local approximation is only valid if the turbulence length scale is considerably less than the length scale of the mean strain variation. However, this condition is not always satisfied in actual turbulent flows. Because this requirement also holds for scalar transport, the local eddy diffusivity model for scalar flux is not always accurate. For example, several nonlocal models have been developed for scalar transport in an atmospheric boundary layer. [2] [3] [4] [5] [6] On the other hand, few nonlocal models for the Reynolds stress were investigated. One of these few examples, by Nakayama and Vengadesan, 8 proposed the following nonlocal model for the turbulent transport of quantities such as the momentum:
where NL is a coefficient representing a nonlocal contribution, which is hereafter called the nonlocal eddy viscosity. Strictly speaking, NL ͑y ; yЈ͒ is not the eddy viscosity itself but the eddy viscosity per unit length in the yЈ direction. The above model assumes that the Reynolds stress at the y location is affected by the mean velocity gradient at a different yЈ location. A similar expression for the scalar flux was proposed by Berkowicz and Prahm. 7 Using the Green's functions for the scalar and velocity fluctuations, Kraichnan 10 derived exact nonlocal expressions for the scalar flux and the Reynolds stress, respectively. For example, the Reynolds stress is expressed as a space and time integral of the mean velocity, its gradient, and the Reynolds stress itself. Although the equation is exact, it is not an explicit expression for the Reynolds stress, so the integral equation must be solved to obtain the Reynolds stress value.
For scalar transport, Hamba 12 introduced a modified response function for the scalar fluctuation in an attempt to derive an explicit exact expression for the scalar flux. In the present work, this formalism is applied to the Reynolds stress to derive its explicit nonlocal expression. The velocity is divided into the mean and fluctuating parts as u j = U j + u j Ј.
Consider the following equations for the velocity fluctuation:
The Reynolds stress term is included on the left-hand side of Eq. ͑4͒; the effect of this term will be incorporated into the response function. Only the mean velocity gradient term is placed in the right-hand side of Eq. ͑4͒ as an external force for u i Ј. Now, the response function g ij ͑x , t ; xЈ , tЈ͒ is introduced; its equations are given by 16, 17 ‫ץ‬g ij ‫ץ‬t
where p Gj is a vector that plays a similar role to the pressure and guarantees the solenoidal condition ͑7͒ for g ij . Using this response function, a formal solution for the velocity fluctuation can be written as
Here, the term incorporating the initial value u i Ј͑x ,0͒ is omitted because it does not contribute to the Reynolds stress for sufficiently large t. This omission is valid for statistically steady flows; however, the initial term must be kept for transient flows such as decaying isotropic turbulence. The solution ͑8͒ leads to the nonlocal expression for the Reynolds stress given by
where NLijkm ͑x,t;xЈ,tЈ͒ = ͓͗u i Ј͑x,t͒g jk ͑x,t;xЈ,tЈ͒u m Ј ͑xЈ,tЈ͒͘
Ј͑x,t͒g ik ͑x,t;xЈ,tЈ͒u m Ј ͑xЈ,tЈ͔͒͘/2.
͑10͒
Therefore, the Reynolds stress can be expressed as a space and time integral of the mean velocity gradient. The Reynolds stress is not explicitly included in the right-hand side; Eq. ͑9͒ is formally an explicit expression. Due to nonlinearity, however, NLijkm may implicitly depend on the mean velocity gradient or the Reynolds stress itself. Here, the nonlinearity of the equations of motion is detailed. Since the nonlinear term ‫͑ץ‬u j u i Ј͒ / ‫ץ‬x j is incorporated in
Eq. ͑4͒, it is clear that the response function introduced for 
for a given solenoidal vector V i . Since Eq. ͑11͒ is linear, the response function g ij can be used for v i Ј; the correlation ͗u i Јv j Ј͘ can be expressed as ͑8͒ is further substituted into u i Ј͑x , t͒ and u j Ј͑x , t͒ in Eq. ͑10͒, an integral with respect to xЈ, xЉ, tЈ, and tЉ involving the product of two velocity gradients is obtained. Since such an expression is fairly complex, a simplified form ͑9͒ is investigated in this work. The nonlocal eddy viscosity NLijkm ͑x , t ; xЈ , tЈ͒ involved in Eq. ͑9͒ represents the contribution to the Reynolds stress at ͑x , t͒ from the mean velocity gradient at ͑xЈ , tЈ͒. It is expected to have a nonzero value if the distance ͉x − xЈ͉ and the time difference t − tЈ are compatible with or less than the turbulence length and time scales, respectively. If the mean velocity gradient ‫ץ‬U k / ‫ץ‬x m is nearly constant in this region in space and time, the Reynolds stress can be approximated by
where Lijkm is the local eddy viscosity given by
Therefore, the relation in the length and time scales between the profiles of NLijkm and ‫ץ‬U k / ‫ץ‬x m determines whether the local approximation is good or not. The nonlocal eddy viscosity will be investigated in the next section by carrying out a DNS of the channel flow. It takes considerable computing costs to calculate g ij in a straightforward manner because it depends on xЈ and tЈ. This work makes use of the streamwise and spanwise homogeneities and the stationary characteristics of the channel flow. The nonlocal eddy viscosity is evaluated as follows. Since U͑xЈ , tЈ͒ depends only on yЈ in channel flow, the integral with respect to xЈ, zЈ, and tЈ applies only to g ij u k Ј in Eq. ͑8͒.
Another response function is defined as
where the indices j = 1 and 2 correspond to the streamwise and wall-normal components, respectively. Since the dependence of g i12 ͑x , t ; yЈ͒ on ͑x , t͒ is the same as that of g i1 ͑x , t ; xЈ , tЈ͒ on ͑x , t͒, multiplying both sides of Eqs. ͑6͒
and ͑7͒ by u 2 Ј͑xЈ, tЈ͒ and integrating them with respect to xЈ, zЈ, and tЈ results in Eqs. ͑18͒ and ͑19͒. Using this response function, the Reynolds stress given by Eq. ͑9͒ can be rewritten as
where NLij12 ͑y;yЈ͒ = ͓͗u i Ј͑x,t͒g j12 ͑x,t;yЈ͒͘
Ј͑x,t͒g i12 ͑x,t;yЈ͔͒͘/2.
͑21͒
For channel flow, the nonlocal expressions ͑9͒ and ͑10͒ are equivalent to Eqs. ͑20͒ and ͑21͒. Because the response function g i12 ͑x , t ; yЈ͒ depends only on yЈ as the source point, it is
where Lij12 is the local eddy viscosity given by
Lij12 ͑y͒ = ͵ dyЈ NLij12 ͑y;yЈ͒.
͑23͒
A comparison of Eqs. ͑22͒ and ͑23͒ with Eq. ͑20͒ reveals that if ‫ץ‬U / ‫ץ‬yЈ is nearly constant in the region where NLij12 ͑y , yЈ͒ 0, the local approximation ͑22͒ should be good.
The pressure fluctuation has often been investigated as a nonlocal effect on turbulence. [18] [19] [20] Since it satisfies the Poisson equation, the pressure fluctuation can be written using the Green's function for the Laplacian, −1 / ͑4͉x − xЈ͉͒, as
͑24͒
Therefore, a correlation between the pressure fluctuation and another quantity is affected by the mean velocity gradient at a remote point, such as the nonlocal expression derived in this work. Chou 18 first pointed out the nonlocal equations and proposed the local approximation. Bradshaw 19 investigated the validity of the local approximation for the pressurestrain term against DNS data. Manceau et al. 20 used the Green's function for the Laplacian in a channel flow to assess the validity of modeling the pressure-strain term by elliptic relaxation. The difference between these previous analyses of the pressure correlation and the present nonlocal expression lies in the nonlocality in time. The pressure fluctuation in Eq. ͑24͒ is expressed in terms of the velocity field at the same time; this is because the influence of the pressure is propagated in space at an infinite speed due to the incompressible condition. On the other hand, Eq. ͑9͒ for the Reynolds stress is also nonlocal in time because the response function g ij accounts for the effect of turbulent fluctuation, whose two-time correlation has a nonzero value.
III. VALIDATION USING DNS RESULTS
This section presents the results of a DNS of channel flow. These DNS data will then be used to determine whether the nonlocal expression ͑20͒ is exact. The DNS numerically solves the equations for the velocity given by
Equations ͑18͒ and ͑19͒ are also solved for the response function g i12 . Variables x 1 ͑=x͒, x 2 ͑=y͒, and x 3 ͑=z͒ denote the coordinates in the streamwise, wall-normal, and spanwise directions, respectively; corresponding velocity components are given by u 1 ͑=u͒, u 2 ͑=v͒, and u 3 ͑=w͒. Here, the averaged term ͗u k g i12 ͘ involved in the left-hand side of Eq. ͑18͒ should be mentioned. Since the average is taken over the x-z plane and in time, the term ͗u k g i12 ͘ cannot be evaluated until the time marching is finished. Instead, in this work, the average for ͗u k g i12 ͘ is approximated by the x-z plane average only. All quantities are normalized by the wall-friction velocity u and the channel half-width h unless otherwise mentioned. The Reynolds number based on u and h is set to Re = 180. The size of the computational domain is L x ϫ L y ϫ L z = 6.4h ϫ 2h ϫ 3.2h. A staggered grid is adopted; it is uniform in the x and z directions, and is stretched in the y direction using a hyperbolic tangent function. The number of grid points is N x ϫ N y ϫ N z = 128ϫ 96ϫ 128. Periodic boundary conditions for u i and g i12 are used in the x and z directions. No-slip conditions u i = g i12 = 0 are imposed at the walls ͑y = ±h͒. The second-order central finite-difference scheme is used in space, and the Adams-Bashforth method is employed for time marching. The computational time step is ⌬t =5 ϫ 10 −4 . The computation was run for a sufficiently long time in order to be statistically independent of the initial condition. Then, statistics such as the Reynolds stress were accumulated over a time period of 10u / h. Since the nonlocal expression is expressed as a weighted integral of the mean velocity gradient, the mean velocity must be calculated accurately. Figure 1 shows the mean velocity profile as a function of y + ͑=yu / ͒. The DNS result by Moser et al. 21 is also shown. This figure shows that these two DNSs agree well.
The Reynolds shear stress ͗uЈvЈ͘ is first examined. The nonlocal expression for the shear stress can be expressed as ͗uЈvЈ͘ NL ͑y͒ = − ͵ dyЈ NL1212 ͑y;yЈ͒ ‫ץ‬U͑yЈ͒ ‫ץ‬yЈ . ͑27͒ Figure 2 shows the profiles of the nonlocal eddy viscosity NL1212 as a function of yЈ for four locations of y. The value of NL1212 is obtained by solving Eq. ͑18͒ for g i12 . Each profile represents a contribution from the mean velocity gradient at yЈ to the Reynolds stress at a given point y. The peak of each curve is located at yЈ = y; this indicates that the contribution from the mean velocity gradient at the same point is the largest. The profiles of NL1212 are fairly wide; the width between the two points where the value is half of the maxi- 
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Fujihiro Hamba Phys. Fluids 17, 115102 ͑2005͒ mum is about 0.2h. In particular, the profile in the case of y = −0.905h is asymmetric, and the contribution from the region of yЈ Ͼ y is large. In order to see whether the turbulent field in a channel flow actually produces such a long correlation length, the correlation between velocities at two points separated in the wall-normal direction are examined: R 22 ͑y,yЈ͒ = ͗vЈ͑x,y,z͒vЈ͑x,yЈ,z͒͘. ͑28͒ Figure 3 shows the profiles of R 22 ͑y , yЈ͒ as a function of yЈ for four locations of y. The profiles are even wider than the corresponding profiles of the nonlocal eddy viscosity shown in Fig. 2 . Therefore, the nonlocal contribution represented by NL1212 is not unphysical. Figure 4 shows the profiles of the Reynolds shear stress ͗uЈvЈ͘. The solid line denotes the value obtained directly by averaging uЈvЈ, whereas the dashed line denotes ͗uЈvЈ͘ NL defined as Eq. ͑27͒. The two profiles and the DNS profile generated by Moser et al. 21 agree well with each other. This agreement indicates that the nonlocal expression ͑27͒ is accurate and the nonlocal eddy viscosity is appropriately evaluated from the DNS data. The dotted line in Fig. 4 represents the value obtained from the local approximation
Compared with the DNS data, the absolute value of ͗uЈvЈ͘ L is slightly small in the center region at −0.8h Ͻ y Ͻ 0.8h, while it is too large near the wall at y Ͻ −0.8h and at y Ͼ 0.8h. This large value is triggered by the incompleteness of the local approximation; that is, the length scale of ‫ץ‬U / ‫ץ‬y is small near the wall and the length scale of NL1212 is fairly large, even near the wall, as shown in Fig. 2 . The deviation of the local approximation from the nonlocal expression can be written as a weighted integral of the velocity gradient difference ͉‫ץ‬U / ‫ץ‬yЈ͉ y Ј =y − ‫ץ‬U / ‫ץ‬yЈ. In the case of y = −0.905h in Fig. 2 , the mean velocity gradient in the wide region of yЈ Ͼ y contributes to ͗uЈvЈ͘ at the y location. The mean velocity gradient in this region is less than that at y, and the above-mentioned velocity-gradient difference is positive; therefore, the local approximation overestimates the shear stress. On the other hand, in the case of y = −0.414h, the mean velocity gradient in both the yЈ Ͻ y and yЈ Ͼ y regions contributes to the shear stress at y. The mean velocity gradient in the two regions is greater and less than that at y, respectively. Since the contributions from the two regions are partially canceled out, the deviation of the local expression is rather small. To be more precise, the shear stress is slightly underestimated because the contribution from yЈ Ͻ y is somewhat greater. The difference between the local approximation and the exact value can be clearly seen by comparing the local eddy viscosity with the effective eddy viscosity, defined as
If the local approximation is good, L1212 should be equal to E1212 . The value of L1212 in Fig. 5 is 70% of E1212 at y = 0, while L1212 is about twice E1212 at y = ± 0.9h. The ratio between the two eddy viscosities is higher near the wall. Next, the normal stresses ͗uЈ 2 ͘ and ͗vЈ 2 ͘ are examined. The nonlocal expression for ͗uЈ 2 ͘ is written as ͗uЈ 2 ͘ NL = − ͵ dyЈ NL1112 ͑y;yЈ͒ ‫ץ‬U͑yЈ͒ ‫ץ‬yЈ . ͑31͒ Figure 6 shows the profiles of the nonlocal eddy viscosity NL1112 as a function of yЈ for four locations of y. The value is negative at −h Ͻ yЈ Ͻ 0 and positive at 0 Ͻ yЈ Ͻ h. Since ‫ץ‬U / ‫ץ‬yЈ is positive at −h Ͻ yЈ Ͻ 0 and negative at 0 Ͻ yЈ Ͻ h, the resulting contribution from each region to ͗uЈ 2 ͘ in Eq. ͑31͒ is positive. It should be noted that this component 
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Nonlocal analysis of the Reynolds stress Phys. Fluids 17, 115102 ͑2005͒ NL1112 does not correspond to the isotropic eddy viscosity T in Eq. ͑1͒, although it may correspond to T ͑2͒ ‫ץ‬U 1 / ‫ץ‬x 2 or other nonlinear eddy viscosity terms. The nonlinear terms are necessary in order to describe the anisotropy of the Reynolds stress; that is, ͗uЈ 2 ͘ is greater than ͗vЈ 2 ͘ and ͗wЈ 2 ͘. A slight anisotropy ͗uЈ 2 ͘ Ͼ ͗vЈ 2 ͘ remains at the channel center at y = 0. However, the local approximation cannot fully explain the anisotropy because ‫ץ‬U / ‫ץ‬y =0 at y = 0. The anisotropy is caused by the nonlocal effect, as shown in NL1112 ͑y , yЈ͒ for y = 0 in Fig. 6 . The mean velocity gradient in the wide region of yЈ affects the normal stress at the center. Figure 7 displays the profiles of the root-mean-square ͑rms͒ of the streamwise velocity fluctuation, ͱ͗u Ј 2 ͘. The profile of the nonlocal expression agrees well with the directly obtained value. This result suggests that the nonlocal expression is also accurate for ͗uЈ 2 ͘. The profile of the local approximation is also plotted. Similar to the shear stress, the value of ͱ͗u Ј 2 ͘ L is small compared to the DNS data at −0.8h Ͻ y Ͻ 0.8h, while it is too large near the wall. In addition, the value of ͱ͗u Ј 2 ͘ L vanishes at y = 0 due to the zero mean velocity gradient.
The nonlocal expression for the wall-normal component ͗vЈ 2 ͘ is written as Figure 8 shows the profiles of the nonlocal eddy viscosity NL2212 as a function of yЈ for four locations of y. The value is negative at −h Ͻ yЈ Ͻ 0 and positive at 0 Ͻ yЈ Ͻ h, similar to NL1112 shown in Fig. 6 . The profiles of NL2212 are wider than those of NL1112 . This indicates that the contribution to ͗vЈ 2 ͘ is more nonlocal than that to ͗uЈ 2 ͘. 
The ͗uЈ 2 ͘ component is created by the production term, the first term on the right-hand side of Eq. ͑33͒. Since the production term and the stress ͗uЈ 2 ͘ are defined at the same position, the production term has a local effect on ͗uЈ 2 ͘. On the other hand, there is no production term in the ͗vЈ 2 ͘ equation given by Eq. ͑34͒. Instead, the component ͗uЈ 2 ͘ is first produced and is then transferred to ͗vЈ 2 ͘ through the pressure-strain term. The pressure reflects the global distribution of the velocity field. Therefore, the indirect effect of the mean velocity gradient on ͗vЈ 2 ͘ through the pressurestrain term is more nonlocal compared with the direct effect of the production term on ͗uЈ 2 ͘. Finally, the approximation of the correlations obtained by breaking the averages is investigated. Because it is often used in turbulence theories such as the DIA, 9, 17 it would be interesting to examine the approximation numerically. The nonlocal eddy viscosity given by Eq. ͑10͒ is expressed in terms of the correlations between the response function and the two velocity fluctuations. Dividing the response function into the mean and fluctuating parts ͑g jk = ͗g jk ͘ + g jk Ј ͒, one of the third-order correlations can be rewritten as ͗u i Ј͑x,t͒g jk ͑x,t;xЈ,tЈ͒u m Ј ͑xЈ,tЈ͒͘ = ͗g jk ͑x,t;xЈ,tЈ͒͗͘u i Ј͑x,t͒u m Ј ͑xЈ,tЈ͒͘ + ͗u i Ј͑x,t͒g jk Ј ͑x,t;xЈ,tЈ͒u m Ј ͑xЈ,tЈ͒͘.
͑35͒
If the second term on the right-hand side is negligibly small compared with the first term, it becomes valid to approximate the third-order correlation on the left-hand side using only the first term, that is, by factoring it into the product of ͗g jk ͘ and ͗u i Јu m Ј ͘. Since each term in Eq. ͑35͒ depends on xЈ and tЈ, it is difficult to assess in the present simulation. Instead, its integral with respect to xЈ, zЈ, and tЈ is evaluated. The nonlocal eddy viscosity NL1212 ͑y ; yЈ͒ is given by NL1212 ͑y;yЈ͒ 
͑36͒
The two terms on the right-hand side can be divided as
respectively, where the dependence on ͑x , t͒ and ͑xЈ , tЈ͒ is omitted. Averaging Eq. ͑6͒ generates the transport equation
͑39͒
Another response function is obtained by replacing g i1 with ͗g i1 ͘ in ͑17͒. Its transport equation is solved and the first terms on the right-hand sides of Eqs. ͑37͒ and ͑38͒ are evaluated and compared with the already-obtained left-hand sides. Figure 10 shows the profiles of the third-order correlation term on the left-hand side of Eq. ͑37͒ and the first term on the right-hand side of Eq. ͑37͒ as functions of yЈ. The agreement between the two terms is good for y = −0.905h, although the first term on the right-hand side becomes too small as y increases. This tendency can be understood by considering Eq. ͑39͒ for ͗g 11 ͘. Since the equation does not include the velocity fluctuation, and the pressure term ‫͗ץ‬p Gj ͘ / ‫ץ‬x i vanishes for i = 1, the mean component ͗g 11 ͘ is determined solely by the viscous diffusion. Instead, the fluctuation g 11 Ј represents the effect of the velocity fluctuation.
Near the wall, the viscous effect is dominant and the mean component ͗g 11 ͘ accounts for the majority of the effect of g 11 . On the other hand, as y increases, the effect of the turbulent fluctuation becomes dominant and the contribution from g 11 Ј needs to be taken into account. Figure 11 shows the profiles of the third-order correlation term on the left-hand side of Eq. ͑38͒ and the first term on the right-hand side of Eq. ͑38͒ as functions of yЈ. As shown in Fig. 11͑b͒ , the contribution from ͗g 21 ͘ is much smaller, even near the wall. This is because g 21 is an offdiagonal component; it corresponds to the effect of the streamwise component of the external force on the wallnormal component of the velocity. This anisotropic response is associated with the pressure fluctuation. Therefore, the fluctuating term g 12 Ј is more important than ͗g 12 ͘, even near the wall. These results show that the approximation is not valid for two components of the response function, g 11 and g 21 , except for the former near the wall. This suggests that the nonlocal eddy viscosity cannot be modeled simply by factoring it into the two averages.
IV. CONCLUSIONS
A nonlocal expression for the Reynolds stress was derived using the response function for the velocity fluctuation.
The nonlocal eddy viscosity in the expression represents a contribution to the Reynolds stress from the mean velocity gradient at remote points in space and time. A DNS of channel flow was conducted to validate the nonlocal expression; it was shown to be accurate for both the shear and normal stresses. The nonlocal eddy viscosity profile for the variance of the wall-normal velocity component was found to be wider than that for the streamwise velocity component. This difference can be attributed to the fact that the wall-normal velocity variance is produced through the pressure-strain correlation, where the pressure fluctuation is determined globally. A local expression for the Reynolds stress was also examined; the stress was found to be overestimated near the wall. This overestimation is generated because the turbulence length scale near the wall is not short enough compared with the length scale of the mean velocity variation. The approximation to the third-order correlation, which was obtained by factoring it into the product of two averages, was examined. This approximation was shown to be no good, except for one of the correlations near the wall. The effect of the fluctuating part of the response function is important.
The nonlocal expression is useful for obtaining a better understanding of turbulent shear flow. It can be used to investigate the basis for some defects in local turbulence models. This analysis should be applied to turbulent flows other than channel flow. For example, it would be interesting to examine the strong anisotropic eddy viscosity in the center region of the swirling pipe flow. 22, 23 Modeling the nonlocal eddy viscosity itself remains for future work. The profile of the nonlocal eddy viscosity needs to be evaluated and modeled for isotropic homogeneous turbulence as the most basic flow. The modeling should then be extended to inhomogeneous flows such as channel flow. It is expected that the nonlocal analysis will provide insight into modeling the Reynolds stress in turbulent shear flow. 
